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Abstract. This paper gives a partial desingularization construction for hy- 
perkahler quotients and a criterion for the surjectivity of an analogue of the 
Kirwan map to the cohomology of hyperkahler quotients. This criterion is 
applied to some linear actions on hyperkahler vector spaces. 



1. Introduction 

Hyperkahler manifolds are manifolds M equipped with a Riemannian metric g 
and three independent complex structures i, j, k compatible with the metric which 
satisfy ij = k = — ji. They correspondingly have three symplectic forms lji,u>2,^3, 
or one real symplectic form lo\ and one complex symplectic form wc = W2 + i^3- 
Suppose a compact connected Lie group K acts on M preserving the metric and 
the symplectic forms. We say the action is Hamiltonian if there are moment maps 
Hi for each £jj. It has been an outstanding problem how much of the package 
of properties of Hamiltonian group actions on symplectic manifolds extends to 
hyperkahler quotients 

M/Z/K^vr^oyK 

where fi = M2, A^)- 

The first result of this paper is that the partial desingularization construction of 
[llj extends to hyperkahler quotients. For this, we fix a complex structure, say i, 
which gives us a holomorphic moment map /zc = H2 + y/— 1£*3 : M — » 6* <X>r C, and 
note that with respect to this complex structure M///K can be identified with the 
Kahler quotient of the complex subvariety W = ^ (0) = ^2(0) H ^3 1 (0) of M. 

In [TT], a canonical way of partially resolving the singularities of the Kahler 
quotient M//K = /i 1 _1 (0)/if is described. The most singular points of M//K 
correspond to the points in /i^ 1 (0) of largest stabilizer groups in K. We blow up 
M ss along the locus of points where the stabilizer has maximal dimension; this 
locus turns out to be smooth. Here M ss denotes the open subset of semistable 
points in M, in other words the set of points whose X c -orbit closure meets /x 1 " 1 (0). 
Let Mi be the result of the blow-up. Then one finds that the maximal dimension 
of stabilizers on Mf 3 is strictly smaller than the corresponding maximal dimension 
on M ss . We repeat this process until we cannot find a semistable point whose 

stabilizer is infinite. The final result of this process is an analytic variety M ss //K 
which has at worst orbifold singularities, which we call the partial desingularization 
of the Kahler quotient. 

In order to find a partial desingularization of a hyperkahler quotient, we take 

the proper transform W//K of W//K in M//K. By construction, we may describe 
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W//K by the following blow-up process. Let H be the stabilizer of a point in 
/i _1 (0) = W fl Hi (0) for which the dimension is maximal possible among such, 
and let Hq be the identity component of H. Let Zh be the fixed point set of Hq in 
W. We blow up W ss along GZff g to get a variety W\. We repeat this process until, 
after finitely many steps, there are no semistable points with infinite stabilizers. 
Then we take the Kahler quotient of the resulting variety W. This is our partial 
dcsingularization W//K. 

Since W = /i^ (0) can be very singular, it is by no means obvious why the 

proper transform W//K should have at worst orbifold singularities. However, we 
prove the following. 

Theorem 1.1. Suppose there is at least one point in /z _1 (0) whose stabilizer is 
finite. The above blow-up procedure produces a surjective analytic map 

n : wjjk -> W//K 

such that 

(1) IT is an isomorphism on the open subset of the orbits of x £ n~~ 1 (0) where 
dpi\ is surjective; 

(2) W/l K has at worst orbifold singularities. 

The advantage of this partial desingularization construction is that it works even 
when the hyperkahler moment map /i has no central regular value close to zero (in 
contrast to the method given by perturbing the hyperkahler moment map by adding 

a central constant). The disadvantage, on the other hand, is that W//K does not 
inherit a hyperkahler structure everywhere, and depends (only) on the choice of 
complex structure i. 

Next, wc consider the restriction map, often called the Kirwan map, 

k : H* K (M) — H* K (v- l (0)) - H*{n-\Q)/K) 

from the cquivariant cohomology of M to the ordinary cohomology of the hy- 
perkahler quotient M///K = /i _1 (0)/A", when is a regular value of [i. (All coho- 
mology groups in this paper have rational coefficients.) More generally when is not 
a regular value of [i we can consider the restriction map H^-(M) — > H^ c (fi~ 1 (0)) 
and try to use the partial dcsingularization construction described above to relate 
_ff^-(^ -1 (0)) to the intersection cohomology of the hyperkahler quotient ^ 1 (0)/K 
(cf. Remark 4.9 below). In the setting of symplcctic quotients the analogous map 
k is surjective ( |10j Theorem 5.4), at least when the moment map is proper, so a 
natural question is whether or not k is surjective in the hyperkahler setting. In 
the preprint [12j . the third named author attempted to study this by modifying 
the ideas and techniques in 10J, but there is a crucial sign error underlying the 
argument of [12] Lemma 4.2 which invalidates the approach of [12j §4]. In this 
paper, we follow the approach in §5 of [12j and attempt to prove surjectivity in two 
stages: 

(1) surjectivity of the restriction H^(M) — > H* K (W), where W = /Lt^ 1 (0), by 
using cquivariant Morse theory with respect to — ||/x<c|| 2 , 

(2) surjectivity of the restriction H* K (W) -> ff^(^ _1 (0)) by using cquivariant 
Morse theory with respect to — ||/ii|| 2 . 
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Here the norm is induced from a fixed isT-invariant inner product on the Lie algebra 
6 of K, which we will use to identify { with its dual throughout. 

To deal with the first stage, we reproduce the following theorem of the third 
named author from [121 §5]. 

Theorem 1.2. The Morse stratification of the function \\nc\\ 2 is K-equivariantly 
perfect if — ||/ic|| 2 is flow- closed. 

Here, a function / is flow-closed if the gradient flow of / from any point is 
contained in a compact set. Because |12) contains errors and is unpublished, we 
provide a full corrected proof of Theorem 1 1.21 in this paper. 

There still remain two major difficulties in this approach. The first is the con- 
vergence issue of the gradient flows of the norm squares of the moment maps (that 
is, whether the norm squares are flow-closed), and the second is that W is in 
general singular. We avoid the second difficulty by using a generic rotation of the 
hyperkahler frame of i,j,k. The three complex structures i,j,k give us in fact an 
S^-family of complex structures and the triple (i, j, k) is nothing but a choice of an 
orthonormal frame. We show that W = /^^ 1 (0) is smooth if we use a frame which 
is general in the sense of Definition 14. 31 and is a regular value of fi: moreover, even 
when is not a regular value of \i, for a general frame there are no non-minimal crit- 
ical points of ||/xi|| 2 in W. Together with Theorem ll.2l this enables us to formulate 
a criterion for surjectivity of k. 

Theorem 1.3. For a general choice of hyperkahler frame {i,j,k} ; if 

(1) — ||/-ic!| 2 on M is flow- closed, and 

(2) — ||/ii|| 2 onW is flow- closed 
then the restriction map 

is surjective. 

When M is a quaternionic vector space V = H" and the action is linear, the 
flow-closedness of — ||^i|| 2 follows from work of Sjamaar [19] . So we obtain 

Proposition 1.4. Let K act linearly on V = H™, and let /Ac be the holomorphic 
moment map corresponding to a general choice of hyperkahler frame {i,j,k}. // 
— ||a*c|| 2 on V is flow- closed, then the restriction map 

H* K (V) = H* K ^H* K ((x- 1 (0)) 

is surjective. Here = H* {BK) denotes the equivariant cohomology of a point. 

Therefore, in the situation of Proposition 11.41 the surjectivity of k follows from 
the following. 

Conjecture 1.5. For a Hamiltonian linear hyperkahler action of a compact Lie 
group K on a quaternionic vector space, — ||a*c|| 2 is flow-closed. 

Although it is purely a calculus problem in this linear case, the question of 
flow-closedness seems to be difficult. But we prove the following. 

Proposition 1.6. Conjecture ] 1.5\ is true when K is the circle group U(l). 

For certain other torus actions on quaternionic vector spaces, flow-closedness follows 
immediately from the U(\) case (see Remark 16. 3|) . Note that when if is a torus, 
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surjectivity of k follows from the work of Konno |14j . where the cohomology ring 
of the hyperkahler quotient is computed explicitly. 

The layout of this paper is as follows. In §2 we review general results on hy- 
perkahler quotients. In §3 we explain how to construct a partial desingularisation 
of a hyperkahler quotient by a series of blow-ups. In §4 we outline criteria for 
the surjectivity of the map k from the equivariant cohomology of a hyperkahler 
manifold to the ordinary cohomology of the hyperkahler quotient. In Sj5]wc repro- 
duce the argument of |12l §5] which shows that — ||/xc|| 2 is equivariantly perfect if 
it is flow-closed. In §6 we apply this to hyperkahler quotients of linear actions on 
quaternionic vector spaces preserving the hyperkahler structure. 



In this section, we recall basic definitions and facts about hyperkahler quotients. 

Definition 2.1. A hyperkahler manifold is a Riemannian manifold (M,g) equipped 
with three complex structures i, j, k such that 

(1) ij = k = -ji. 

(2) i ; j ; k are orthogonal with respect to g, 

(3) i, j, k are parallel with respect to the Levi-Civita connection of g. 

Remark 2.2. (1) T p M = H" and so dim R M = An for some n £ Z. 

(2) There exists an 5 2 -family of complex structures on M. Indeed, for any 
(a, b, c) £ R 3 with a 2 + b 2 + c 2 = 1, it is easy to see that ai + b] + ck is a 
complex structure on M. There exists a complex manifold Z (the 'twistor 
space' of M) and a holomorphic map 7r : Z — > P 1 = S 2 such that the fiber 
over (a, 6, c) is the complex manifold (M, ai + 6j + ck). 

(3) There exists an S^-family of (real) symplectic forms on M. Indeed, for each 
complex structure I in the 5' 2 -family described above, uii(— , — ) = g(—, I—) 
defines a symplectic form on M which is Kahler with respect to /. We let 
wi , cl>2 , CJ3 denote the symplectic forms defined by i, j, k respectively. 



Remark 2.3. The complex valued two-form loc = ^2 + \/— 1^3 is holomorphic 

symplectic, so a hyperkahler manifold is always a holomorphic symplectic manifold. 
A holomorphic symplectic manifold which is compact and Kahler always admits a 
hyperkahler metric, but this is not true in general for non-compact M . 

Examples 2.4. Examples of hyperkahler manifolds include 

(1) H™ = T*C n and quotients of H" by discrete group actions; 

(2) K3 surfaces, Hilbcrt schemes of points on a K3 surface and generalized 
Kummer varieties. 

When X is a Kahler manifold, the cotangent bundle of X is holomorphic symplectic 
but is not necessarily hyperkahler. 

Let if be a compact Lie group acting on a hyperkahler manifold M. Suppose 
that this action preserves the hyperkahler structure (g,i,j,k). 

Definition 2.5. A moment map for the K-action on M is a differentiate map 



2. Hyperkahler quotients 




fJ> = (mi,M2,M3) : M 




satisfying 

(1) fj, is K -equivariant, i.e. fi(kx) = Ad* k ^{x) for k <G K , x € X ; 
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(2) (d/i(w),£) = (aJi(^ m ,v),u) 2 (^ m ,v),Ws(^ m ,v)) for m £ M, v £ T m M and 
i = (6, 6, 6) G r ®il 3 , where 

(dfx(v),$ = ((d Ml (iO,ei),(d^(«),6),(dM 3 («),6))- 
We say the action of K is Hamiltonian if a moment map exists. We call p,\ the 
real moment map and fie :== M2 + v~lA t 3 the complex moment map or holomorphic 
moment map with respect to the frame {i,j,k}. 

Remark 2.6. (1) If fi is a moment map then any translation of \i by central 
elements of t* is again a moment map. 

(2) It is straightforward to see that /Ltc : M — » 6* <X>r C is a holomorphic function 
with respect to i. 

Theorem 2.7. ([5J) TTie smooth part ofM/J/K := fi~ 1 (0)/K inherits a hyperkahler 
structure from M . 

Examples 2.8. (1) Suppose that M = T*C n = C 2n and that the action of 
K = U(l) is given by X(x,y) = (Ax, A _1 y) for x,y £ C n . Then up to the 
addition of constants we have fii(x,y) = v ^ r *" (x^x — y^y) and fic(x,y) = 
x T y. Hence W = /i^ 1 (0) is an affine quadric hypersurface in C 2 ™ and the 
variation of /i _1 (c, 0, 0)/U(l) around c = is the Mukai flop. 

(2) Suppose M = T*Hom(C fe ,C") = Hom(C fe ,C") x Hom(C™,C fc ) and K = 
U(n) acts on M in the natural way. Then the action is Hamiltonian with 

(J>i{%,y) = ^(k* - V f y) and (ic(x,y) = xy. 

(3) Suppose M = T*End(C") = End(C") x End(C") and K = U(n) acting 
by conjugation. Then up to the addition of central constants we have 
Hi(Bx,B 2 ) =^{[B 1 ,B\] + [B 2 ,Bl)) and nc(B u B 3 ) = [B U B 2 }. 

(4) Suppose K acts on M with moment map fj, : M — > 6* <g> R 3 . Let p : H — > K 
be a homomorphism and let f) be the Lie algebra of H. A moment map for 
the induced action of H on M is the composition M — > 6* ® R 3 — » f)* <g> M 3 
of /x and the dual 6* — * f)* of the tangent map of p. 

(5) Let M\,M2 be two hyperkahler manifolds acted on by K in Hamiltonian 
fashion. Then the sum of the moment maps for M\ and M 2 is a moment 
map for the diagonal action on the product Mi x M 2 . 

(6) (ADHM spaces) Let M = T*EndC" x T*Hom(C fc , C") and K = U{n). 
Then 

Hi{B x ,B 2 ,x,y) = tEL(lB u Bl] + [B 2 ,b\]+ xx^ - tfy) 

and 

p, c (B 1 ,B 2 ,x,y) = [B 1 ,B 2 ] +xy. 
The quiver variety construction is similar [TJ I17j . 

(7) (coadjoint orbits) If O is an orbit in q* = t* <E>r C, then cj a (^ Q ,?/ Q ) = 
(a, [£,r]]) defines a holomorphic symplectic form on O and fie : O <^-> g* is 
the complex moment map (cf. [TBI [4]). 

3. Partial desingularization 

Our first result in this paper allows us to construct a partial resolution of singu- 
larities of a hyperkahler quotient through a sequence of explicit blow-ups, which is 
closely related to the partial desingularization construction in [TT] . 
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Let n : M — ► t* ® R 3 be a moment map for a Hamiltonian if-action on a 
hyperkahler manifold M. Let it : /i _1 (0) — > /i _1 (0)//\ = M///K be the quotient 
map. If a; S /x _1 (0) has trivial stabilizer, then w(x) is a smooth point of M///K [5J. 
We fix a preferred complex structure i so that 

M = (Mi.Mc) : M -► 6* ® (R® C) 

and view M as a complex manifold with respect to i, equipped with a holomorphic 
symplectic two- form wc = W2 + v 7- 1^3 • The function 

Mc = M2 + «M3 : M -»■ 8* ® C 

is holomorphic with respect to the complex structure i on M, and thus W = 
yU2 _1 (0) H /i3 _1 (0) is a complex analytic subvariety of M. Moreover /j,~ 1 (0)/K = 
W (~1 fii~ 1 (0)/K is the Kahler quotient of W by the action of K. 

We can apply the partial dcsingularization construction of [TJJ to the Kahler quo- 
tient ^i _1 (0)/if of M by K with respect to the Kahler structure corresponding to i. 
This gives us a complex orbifold with a holomorphic surjection to Hi -1 (0) / K which 
restricts to an isomorphism over the open subset of ^,i~ 1 (0)/K where the derivative 

of \x\ is surjective. The proper transform W//K of W//K = W n ^i _1 (0)//v = 
fi~ 1 (Q)/K in fii^ 1 (0) / K is the result of applying the partial dcsingularization con- 
struction of [TT] to the complex subvariety W of M instead of M itself, and thus 

if W were nonsingular then it would follow immediately that W//K is a complex 
orbifold. However in general W is singular (indeed, if W is nonsingular then is 
a regular value of fj, and so no partial desingularization for M///K = //^(O)/^ is 

needed). Nonetheless, we will see in this section that W//K is always a complex 
orbifold: the blow-ups in its construction resolve the singularities coming from W 
at the same time as reducing the singularities created by the quotient construction 
to orbifold singularities. 

The construction of W//K given in [TT] is as follows. Let H be the identity 
component of the stabilizer of a point in /x _1 (0) = W H yUi _1 (0) whose dimension 
is maximal possible among such, and let Zh be the fixed point set of Hq in W. 
First we blow W ss up along GZff , and give the resulting blow-up a Kahler struc- 
ture which is a small perturbation of the pull-back of the Kahler structure on M 
restricted to W. Here W ss denote the open subset of semistable points x in W, i.e. 
the if c -orbit closure of x meets /i 1 ' 1 (0). Then we repeat this process until, after 
finitely many steps, the points in the blow-up where the real moment map vanishes 

all have 0- dimensional stabilizers, and the resulting quotient is W//K . Equivalently, 

by [TTJ Lemma 3.11], we can construct W//K directly from the quotient W//K by 
a sequence of blow-ups. 

Theorem 3.1. Suppose there is at least one point in /x _1 (0) whose stabilizer is 
finite. The above blow-up procedure produces a surjective analytic map 

wJJk -> W//K 

such that 

(1) it is an isomorphism on the open subset of the orbits of x G /i -1 (0) where 
d/j,i is surjective; 

(2) W//K has at worst orbifold singularities. 
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Definition 3.2. We call W//K the partial desingularization of the hyperkdhler 
quotient M///K with respect to i. 

Item (1) is obvious since the blow-ups do not touch the orbits of a; € ^J~ 1 (0) 

where d[i\ is surjective. In order to prove that W//K has only orbifold singularities 
even though W is in general singular, we shall prove that the singularities of W 
are all quadratic (Theorem I3.6() . Then we can deduce from the following lemma 
that after blowing up W as described in the previous paragraphs, we obtain a 
variety W which is nonsingular along the proper transform of ^ _1 (0). It then 

follows immediately from [TT] that the quotient W//K of W has at worst orbifold 
singularities. 

Lemma 3.3. Let V C C™ be a complex analytic variety defined only by homo- 
geneous quadratic polynomials. Let tt : V — > V be the blow-up at 0. Then V is 
isomorphic to a line bundle L = 0^(2) over the exceptional divisor E = n (0). 
Ln particular, E is normally nonsingular in V . 

Proof. Let A\, ■ ■ ■ , A r be symmetric matrices such that the quadratic forms ft (x) = 
x l AiX, for i = 1, • • • , r, define V. Let p : C n — > C™ be the blow-up at and consider 
the local chart 

(Vl,--- ,Vn) >-> (2/1,2/12/2, >2/l2/r) = {xi,X 2 ,--- ,X n ). 

Then the blow-up V is the subvariety of C n defined by 

fl\ 

fi(y) = ^fi(x) = (l y 2 ■■■ y n )Ai V2 
2/1 i ... 

\VnJ 

Since all the defining equations for V are independent of y\, VflUi = Cx (EdUx) 
where U\ = C™ = {(yi, • ■ • , y n )} C C™. Here E is the projective variety in P Tl_1 = 
PC™ defined by the homogeneous polynomials fi, ■ ■ ■ , f r . It is an easy exercise to 
check that these local trivializations for V glue to give us the line bundle L = 0^(2), 
which is the restriction of Op, 1 -i(2) to E. □ 

Remark 3.4. Suppose 

— >v?^v$ = v° 

is a sequence of blow-ups, which resolves the sing ularities of V° = V - {0}, with 
blow-up centers Cf satisfying 

(1) Cj° is nonsingular; 

(2) Cf C V^_ 1 is the proper transform of its image Bf in V°; 

(4) each Bf is conic in the sense that the closure Bi of Bf in V is the restriction 
of the line bundle L to Bi n E. 

Let 

V k — » > V\ — ► V 

be the blow-ups along the proper transforms Ci C Vi-\ of the closures Bi C V of 
B®. Since the blow-up centers are all normally nonsingular along E by (4) above, 
the proper transform of E is normally nonsingular in Vk and hence 14 is nonsingular. 
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To show that the singularities of W are all quadratic, we begin with a holomor- 
phic version of the equivariant Darboux theorem. 

Theorem 3.5. Suppose u>o,u>i are holomorphic symplectic two-forms on a complex 
manifold X and Y is a complex submanifold of X such that too and u\ coincide 
on TX\y- Suppose further that there exists an open neighborhood U of Y and a 
differentiable family of holomorphic maps (ft '■ U — ► U for < t < 1 such that 

ip 1 =id Ul ip {U)=Y, ip t \Y = id Y Vt. 

Then there exists an open neighborhood U' contained in U and a biholomorphic 
map /:{/'—> f(U') where f(U') is an open subset of X such that 

f\y = idy and f*U>i = luq. 

If a compact Lie group K acts on X with luq, uj\, Y , U and tp t all K -equivariant, 
then f can be chosen to commute with the action of K . 

Proof. The proof is an obvious modification of Weinstein's in [5] . Let uj t — ujq + ta 
where a = u>\ — lu . By assumption, a is trivial on Y and da = 0. Let £ t denote 
the vector field of (ft ■ Then 

o--ip* Q a = j —((p*o-)dt = J^ <pt(t(£ t )da)dt + d J ipt(i(£ t )o-)dt = d(3 

where (3 = f Q (/j|(i(^t)cr)dt. By our assumption, (3\y = 0. We define a holomorphic 
vector field r\t on U by the equation i(jit)u>t = — f3. By shrinking U to a smaller 
open neighborhood U' if necessary, we can integrate r\t to obtain biholomorphic 
maps f t : U' -»• X for < t < 1. Then 

A*wi-wo = jf ^(/>*) d * = / f t *(<r + di(r lt )u H )dt = 

as desired. Moreover if K acts on X with loq, crfi, Y, U and (ft all i^-equivariant, 
then fi is also K-equi variant. □ 

Let x G /i _1 (0), and note that if a,/3, 7, 6 £ t then a x ,i[3 x ,jj x and h5 x are 
mutually orthogonal, since, for example, 

g(jj x ,k5 x ) = ff(ki7 !E ,k5 a ;) = g{vy x ,5 x ) = dnx{8 x ) ■ 7 = ad* & {nx{x)) -7 = 

because Hx{x) = 0. We next find a local model for a neighborhood of x in M. Let 
H be the stabilizer of x in /T, so that the complexification H c is the stabilizer of x 
in the complexification G = K c , and let Y = Gx = G/H c be its G-orbit. Further, 
let B be a ball in T^Gx) 1 - = jlVf) W where 14 = T x {Kx) and 

w = (v a ,eiv r *ejV x eky x )- L . 

Note that W is a quaternionic vector space with a linear action of H c . Let 5 = 
H C B C T X M. Then the holomorphic slice theorem in [18] tells us that 

G x H c S 

is biholomorphic to an open neighborhood U of Y in M. Now consider 

X = Gx ffC (jV x c (BW) 
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which is a hyperkahler manifold since it is a hyperkahler quotient of T*G x W by 
the action of H. By this quotient construction, we obtain a holomorphic symplectic 
form uj' c and a complex moment map 

(3.1) f i' c (g,jb,w)=Ad* g (b + ^(w)) g eG,beV : ^,weW 

for the action of K on X where ^ is the complex moment map for the action of H 
on W. If we take the hyperkahler quotient of X by the action of K, then we obtain 
the hyperkahler quotient W///H. Since X D U, the pull-back of the holomorphic 
symplectic form of M is also holomorphic symplectic, and this coincides with 
u)' c on Y. On the other hand, X is a vector bundle over Y = G/H c with fibers 
jVj ©W and hence by shrinking the fibers, we obtain a family of holomorphic maps 
ipt : X — » X satisfying the assumptions of Theorem 13.51 Thus by Theorem 13.51 we 
obtain 

Theorem 3.6. There exists a biholomorphic map from a neighborhood of G/H c 
in X to a neighborhood of the orbit Gx in M such that the pull-backs of luc and fic 
are uj' c and fj,' c as at i3. 1\) above. Furthermore, in a K -invariant neighborhood of 
x, the embedding W = (1q (0) M is biholomorphic to 

G x H c (0 x (/iH^W) G x H c (j^ c © W). 

In particular, the singularity of M///K at tt(x) is precisely the hyperkahler quo- 
tient W///H of the vector space W. 

In the simplest case when K = U(l) is the circle group, then it follows imme- 
diately from this theorem that the blow-up of W along the fixed point set of K is 

nonsingular, and hence W//K has only orbifold singularities. 

Corollary 3.7. Suppose that K = U(l) = H. Then the blow-up of W = Mc^O) 

along Zh where Zh is the fixed point set of H inW is nonsingular, and W//K has 
only orbifold singularities. 

Proof. The hyperkahler moment map /! is locally constant on the X-fixcd point 
set in M, so that Zh is a union of some of its connected components and hence 
is nonsingular. In the local model X, we can identify GZh = Zh with x W H 
where W H is the subspace of vectors fixed by H. Also W in this local model is 
x (/ic0 _1 (0). Since ^ is homogeneous quadratic, (t l c')~ 1 (Q) is the product of 
an affine quadric cone and W H and so after the blow-up along Zh wc obtain a 

complex manifold whose Kahlcr quotient W//K has only orbifold singularities. □ 

In general for any compact group K , we can describe the singularities of W along 
the blow-up center of the first blow-up in the partial desingularization process as 
follows. Let Hq be the identity component of the stabilizer of a point in /x _1 (0), 
whose dimension is maximal possible among such. Then GZff o , where Zh is the 
fixed point set of Hq in W, is closed and nonsingular in a neighborhood of /z -1 (0). 
This follows from [11] Corollary 5.10 and Lemma 5.11 for the action of G on M, 
together with the local model of Theorem 13.61 and the fact that the hyperkahler 
moment map for the action of Ho is locally constant on Zh ■ 

By Theorem 13-61 we can locally identify GZf o with G x H c (0 x W H °) where 
W H " is the subspace of vectors fixed by Hq. Also W in this local model is G x H c 
(0 x (^c0 -1 (0)). Since ^ is homogeneous quadratic, (Mc V ) _1 (0) is tnc product of 
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an affine quadric cone and W and so after the blow-up along GZff we obtain a 
line bundle along the exceptional divisor. 

By induction on the dimension of Ho, suppose we could resolve the singularities 
of the complement of GZff o by the partial dcsingularization process. Then we apply 
Remark 13.41 to conclude that W becomes smooth after the blow-ups in the partial 
dcsingularization process of M//K. Thus the proof of Theorem 13. H is completed. 

Remark 3.8. Note however that the construction of this partial desingularization 

M///K depends on the choice of preferred complex structure i, and M///K does 
not inherit a hyperkahler structure from that of M. 

Remark 3.9. Another way to (partially) resolve the singularities of a hyperkahler 
quotient is to perturb the moment map by a small central element in t* . This is 
better in the sense that it gives us a partial dcsingularization which is hyperkahler 
again. However this resolution is possible only when the center contains regular 
values of the hyperkahler moment map and it does not apply to some examples, 
such as the moduli of Higgs bundles, or HP £g> sl(2)/// SL(2). In fact, there are no 
hyperkahler resolutions for the latter singularity [JJ [5] . 

Remark 3.10. One can use the partial desingularization process to calculate the 
intersection cohomology of singular hyperkahler varieties, such as the moduli space 
of rank 2 semistable Higgs bundles with trivial determinant over a Riemann surface. 
See [5] for details. 

4. SURJECTIVITY CRITERION 

In this section, we give a criterion for the surjectivity of the hyperkahler Kirwan 
map H* K (M) ^ H*(M///K). 

Let M be a hyperkahler manifoldj on which a compact connected Lie group K 
acts preserving the hyperkahler structure. Suppose we have a hyperkahler moment 
map fi = (fii , /ic) which takes values in 6* ® (R © C) = 6* £g> R 3 for the action of K. 
Let T be a maximal torus of K. The following is a simple consequence of Mostow's 
theorem [13] . 

Lemma 4.1. Consider the action of T on M and the stabilizers of points in M. 
Let T be the set of nontrivial subtori T' of T which are the identity components of 
the stabilizers of points in M. Then T is countable. 

As a consequence, the set of connected components of the fixed point sets of T' 
for T' G T is countable and we write it as {Zj | j G Z>o}. For each Zj let Tj be the 
identity component of the stabilizer in T of a general point in Zj 

Lemma 4.2. For any 7 G Lic(Tj), (fi(Zj),j) consists of a single point in K 3 . 

The proof of this lemma is elementary and we omit it. 

Now for each j we choose 7^ G Lie(Tj) such that (fj,(Zj),-fj) ^ whenever 

Pj -supdK/xC^)^)!! : ||7ll = l ! 7eLie(T i )}>0. 

We require no condition for 7^ when pj = 0, in which case we have 

(n(Z j ),i)=0 for any 7 G Lie(Tj). 

smooth manifold is a second countable Hausdorff space equipped with an atlas. It has at 
most countably many connected components. 

2 This makes sense because all the orbit type strata have even real codimension. 



ON THE COHOMOLOGY OF HYPERKAHLER QUOTIENTS 



11 



Since (p,(Zj),jj) G R 3 is nonzero whenever pj > 0, a general choice of hyperkahler 
frame {i,j,k} (being uncountably many) satisfies the following condition: 

([i(Zj), 7 3 ) are not of the form (a, 0, 0) G IR 3 with a^O for all j with pj > 0, i.e. 



Definition 4.3. We say a hyperkahler frame {i,j,k} is general in the group of 
frames 50(3) if the above condition is satisfied. 

Definition 4.4. As in [TU] we let 



We say that x G W is semistable if x G W ss . 

Proposition 4.5. For a general hyperkahler frame {i,j,k}, if the gradient flow 
from each x G W = /i^^O) with respect to —\\pi\\ 2 is contained in a compact set, 
then W = W ss . If furthermore /i _1 (0) is smooth, W = /ip 1 (0) is smooth. 

Proof. A point x G W is a critical point of ||mi|| 2 if and only if pi(x) x = 0, where 
Pi(x) G t* is identified with an element of t by using the fixed invariant inner 
product on t. (See [101 Lemma 3.1].) Suppose x G W is a critical point of ||Ati|| 2 
but pi(x) 7^ 0. Without loss of generality, replacing x with kx for some k G K, we 
may assume pi{x) G Lie(T) and x G Zj for some j with Lie(Stabra:) = Lie(Tj). 
Let 7 = pi(x) G Lie(7}). Then (p 1 (Zj),j) is a nonzero constant ||7|| 2 . Hence 
Pj > 0, so pc{ x ) 7^ because (pc(x),lj) = (f-c{Zj),Jj) by (|4.1[) . This is a 
contradiction to x G W. Therefore pi(x) = whenever x G W is a critical point 
of ||/xi|| 2 and hence all the points in W are semistable. If /i~ 1 (0) is smooth, all the 
stabilizers in G = K c of points in W are finite and hence dp,c is surjective and so 
W is smooth. □ 

Definition 4.6. Let f : M —> M be a smooth function defined on a manifold. We 
say f is flow-closed if the gradient flow of f from any x G M is contained in a 
compact set. 

Corollary 4.7. For a general hyperkahler frame {i,j,k}, if — \\pi\\ 2 onW = /i^' 1 (0) 
and —\\pc\\ 2 on M are flow-closed, then the restriction map H^(M) — > _ff^-(/i _1 (0)) 
is surjective. 

Proof. The corollary follows from Theorem 15.11 below which says that — H^cll 2 is 
equivariantly perfect if it is flow-closed. This theorem is proved in |12l §5]. Because 
|12j contains errors and is unpublished, we have reproduced an edited version of 
this section in Section [5l 



By Theorem 15.11 the restriction map H^-(M) — * H^W) is surjective, and by 
Proposition H3] above we have W = W ss and H* K {W) = iJ^(^ _1 (0)). Thus we 



(4.1) 



W ss — {x G W | the gradient flow from x with respect to — \\pi 
has a limit point in /i ] ~ 1 (0)}. 



obtain the surjectivity. 



□ 



We have proved 



Theorem 4.8. (surjectivity criterion) For a general hyperkahler frame {i,j,k}, if 
(1) — ||mc|| 2 on M is flow- closed, and 
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(2) -||/ii|| 2 onW = fi c 1 (0) is flow-closed 
then the restriction map 

H* K (M)^H* K (p-\0)) 

is surjective. If furthermore is a regular value of the hyperkahler moment map \i, 
then W = /Xg^O) is smooth and the map 

K : H* K {M) -> = H*(^\0)/K) 

is surjective. 

Remark 4.9. Suppose that {i,j,k} is a general hyperkahler frame satisfying con- 
ditions (1) and (2) of Theorem 14. 8 [ so that the restriction map 

(4.2) H* K (M) -> H* K {W) = H* K (W SS ) = H* K ^-\0)) 

is surjective, but suppose that is not a regular value of the hyperkahler moment 
map [i. Then as in §3 we can construct a partial desingularization M///K = W ss /G 
of the hyperkahler quotient M///K with respect to the preferred complex structure 
i (where G = K c is the complexification of K and W ss is an open subset of a 
blow-up of W = /i^ 1 (0)), and the blow-down map induces a map on if-equivariant 
cohomology 

(4.3) H* K {W SS ) -► H* K {W SS ) S H*{W SS /G) = H*(M///K). 

The intersection cohomology IH*(M///K) of M///K (with respect to the middle 

perversity and rational coefficients) is a direct summand of H*(M///K) by the 
decomposition theorem of Bcilinson, Bernstein, Deligne and Gabber [21 6.2.5]. This 
direct decomposition is not in general canonical, but Woolf [5D] shows that the 
partial desingularization construction (and more generally any G-stable resolution 
in the sense of [20l §3]) can be used to define a projection 

(4.4) H*{M/JJk) ->■ IH*(M///K), 
and also a projection 

(4.5) IH* K {W SS ) -> IH*{W//K) = IH*(M///K) 

such that the composition of (|4.5p with the canonical map from H^-(W SS ) to 
1H* K (W ss ) agrees with the composition of (|4.4|) with (|4.3|) . The argument of HO] 
uses the decomposition theorem at the level of the equivariant derived category 
(see [3J §5]) as a decomposition of complexes of sheaves up to quasi- isomorphism, 
and it can be applied to M and restricted to its complex subvariety W = /x^ 1 (0) 
to give a projection from the hypercohomology of the restriction to W ss = W of 
TC* K (M SS ) (which is just H^(W SS ) since M is nonsingular) to the hypercohomol- 
ogy of the restriction to W//K = M///K of 1C'{M//K). We thus find that the 
partial desingularization construction gives us a map 

H* K (M)^IH*(M///K) 

which is the composition of (|4.2| . ()4.3j) and the projection (|4.4|) from H*(M///K) 
onto IH*(M///K), and factorises through a surjection from H^(M) to the hyper- 
cohomology of the restriction to W//K = M///K otXC'(M//K). 
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5. Morse flow of the norm square of the complex moment map 

This section is a corrected version of part of the unpublished preprint [12] (mainly 
|12| §5). The proof of Lemma 15.61 differs from the original only because some minor 
errors (in particular an unimportant sign error) in |12j are corrected, and as a result 
the matrix in (|5.5|) differs by one sign from the matrix in |12j (first equation p. 35). 
The conclusion of §5 of |12j (that the norm square of the complex moment map 
is an equivariantly perfect Morse function) remains valid after these modifications. 
The proof of [12| Lemma 4.2 is, however, incorrect (as originally pointed out by 
Simon Donaldson), and the conclusions of p~2l §4] are therefore invalid. 

Consider the function /23 : M — > R defined by 

/23^) = ||M2(x)|| 2 + || M 3^)|| 2 = ||/i C (^|| 2 . 

For all x G M we have 

(5.1) grad/ 23 (a;) = 2j(^i 2 (x) x - ifi3{x) x ) = 2k(^ 3 (x) 2; + i/J, 2 (x) x ). 

The purpose of this section is to prove the following. 

Theorem 5.1. The Morse stratification of the function f 23 = ||/ic|| 2 is K -equivariantly 
perfect if —f 23 is flow-closed. 

Lemma 5.2. If grad/23(a;) = and (3 2 = /^(x) and (3 3 = ^3(2;) then 



Proof. Recall that 

MC = ^2 + \/ T T^3 : M — ► t* ® C 
is if-equivariant with respect to the coadjoint action on 6* and holomorphic with 
respect to the complex structure i on M. By (|5.1[) we have {f3 3 ) x + i((3 2 ) x = 0, and 
so applying the derivative of /xc at x to this we obtain 

= [& + V 3 !^, iic{x)] = {/3 3 + V=ifo, f3 2 + V=lfo] = 2\J3 3 , 

□ 

Lemma 5.3. If x E M then gr&df 23 (x) = if and only if 

H2(x)x = M30*0x = °- 
Proof. Suppose grad/23(x) = 0. By Lemma l5?2l we have [f3 2 ,(3 3 ] = 0, so 
(i 2 (x) x ■ ifi3(x) x = d^i 1 (p, 2 {x) x ) ■ fi 3 (x) 

= lM2(x),[ll(x)] ■ fj, 3 (x) 

= H l (x)-\p 2 ,0 3 ]=O. 
Then by (j5~Tj) the result follows. □ 

Suppose that grad/23(x) = 0. Then by (|5.1[) . the Hessian H 23 of /23 at x is 
represented via the metric as the self-adjoint endomorphism of T X M given by 

(5-2) |fi23(0 = (jfo + k/? 3 )(0 +jd^ 2 (x)(O x + kd^3(x)(0x 

for £ G T X M . Here (3 2 = n 2 (x) and (3 3 = li 3 {x) and (j/?2+k/?3)(£) denotes the action 
of j/?2+k/?3 on T X M induced from the action of K and the fact that (j/?2+k/3 3 ) x = 0. 

As before let T be a maximal torus of K with Lie algebra t and for j — 2, 3 let 
Bj be the set of G t* such that there is some i£l with fij(x) = (3 and (3 X = 0. 
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Remark 5.4. When M is compact then any G Bj is the closest point to zero 
of the convex hull of a nonempty subset of the finite subset of t* which is the 
image under the T-moment map fij of the T-fixed point set in M (see |10j Lemma 
3.13), and in particular Bj is finite. In general it follows from the fact that \\/J,j\\ 2 
is a minimally degenerate Morse function in the sense of [TUj that Bj is at most 
countable. 

Let £>23 be a set of representatives of the Weyl group orbits in B2 x B3. For each 
(ft,ft)e6 2 3 let 

Stab(02,0 3 ) = Stab(0 2 ) n Stab(0 3 ) 
where Stab(/3) denotes the stabilizer of under the coadjoint action of K on t* = t. 
Let Tp 2 p 3 be the subtorus of T generated by 02 and 03, and let 

z /32,fs 3 — i x e M I Tp2,P3 nxes x and W^) ' A = IIAIi 2 - I = 2, 3} 
The argument of [10] Lemma 3.15 shows the following. 

Lemma 5.5. The set of critical points for f 2 3 is the disjoint union of the closed 
subsets {Cp 2i p 3 I (02,133) G B23} of M, where 

C/3 2 ,/3 3 = K(Zfo,i3 3 n M2 _1 (/3 2 ) n im'HPa))- 

Proof. Suppose grad/^a;) = 0. By Lemma [S~2l and Lemma [B~3l we have 

[(U 2 (a;),/X3(a;)] = 

and fi2(x) x = = fJ>s(x) x . Hence there exists k £ K such that ^(kx) and jis(kx) 
both lie in t and 

H2(kx) kx = = H3{kx)kx- 

Thus we have ^(kx) = 02 and ^(kx) = (3$ for some (02,03) £ 62 x S3, and 
multiplying fc by a suitable element of the normalizer of T hi K we may assume 
that (p2,p 3 ) G S 23 . The result follows. □ 

To show that /23 is a minimally degenerate Morse function in the sense of §11 of 
[TO] , it is enough to find for each (02,03) G B23 a locally closed submanifold Rp 2 ,/3 3 
of M which contains C/3 2)i g 3 and has the following properties. Rp 2 .p 3 must be closed 
in a neighbourhood of Cp 2 fi 3 . Moreover there should be a smooth subbundle U 
of TM\r 02 ^ 3 such that TM\r p = U + TRp 2 ^p 3 and for each x G Cp 2t 3 the 
restriction to U x of the Hessian H23 of ^23 at x is nondegenerate. Then the normal 
bundle to R/3 2 .fj 3 in M is isomorphic to a quotient of U and U splits near Cp 2 ^ 3 
as U + + U~ where the restriction of the Hessian H23 to [/+ is positive definite 
and to U~ is negative definite for all x. One finds that the intersection of a small 
neighborhood of C$ 2 fi 3 in M with the image of U + under the exponential map 
Exp : TM — > A/ satisfies the conditions for a minimizing manifold for f23 along 
C/3 2 ,p 3 . By OH (4.21) for Z = 2, 3 we have 

*c(z ft n ni l (0i)) - x x stahA (z 0l n ^(00) 

and A'Z ft = A~ Xstabp, Zp, near A~(Zft n n~[ l (0i)). Therefore 

( 5 - 3 ) C P2,p3 = K x Stab(p 2 ,p 3 ) (Z/3 2 ,p 3 n ^3 (&)) 

and KZp 2} p 3 = K X stab(p 2 ,p 3 ) Zp 2 ,P3 near Cp 2t p 3 . In particular KZp 2 _p 3 is smooth 
near C^J 3 (cf. [JO] Cor 4.11). If x G ^ 2)j g 3 then W (a;) ■ A = \\0i\\ 2 for / = 2, 3 
so 723(2;) > Hi&H 2 + ||/33|| 2 with equality if and only if (j,2(x) = 02 and H3(x) = 03- 



ON THE COHOMOLOGY OF HYPERKAHLER QUOTIENTS 



15 



Hence the restriction of f 23 to KZp 2 ^ 3 takes its minimum value precisely on Cp 2 ^ 3 . 
Thus to prove that /23 is minimally degenerate it suffices to prove 

Lemma 5.6. For any x € Zp 2 $ 3 n /x^" 1 ^) f~l H^iftz) there is a complement U x to 
T x KZf) 2 .f3 3 in T X M varying smoothly with x such that H 23 restricts to a nondegen- 
erate bilinear form on U x and U sx = s(U x ) for all s £ Stab(P2, 3 ). 
Proof. From (|5.2p it is easy to check that the subspace 



T x Zf3 2tf 3 3 + t x + il x + jt x + M x 

of T X M is invariant under the action of H23 regarded as a self-adjoint endomorphism 
of T X M . Hence so is its orthogonal complement V x say, in T X M . If £ e V x then 

<Wa;)(0 -b = t-ib x = 

for all b £ t, so dfi 2 (x)(^) = and similarly dfj, 3 (x)(£) = 0. Hence 

5^23(0 = j/? 2 (0+k/? 3 (0 

so that the restriction of 5-^23 to V x coincides with the restriction of the Hessian of 

the function fj,^ 2 ^ + /4 on M, where /xp is defined as fii(x) ■ fa. But Zp 2t p 3 
is a union of components of the set of critical points for this function. Because 
this function is a nondegenerate Morse function on M by the following lemma, the 
restriction of H 23 to V x is nondegenerate. □ 

Lemma 5.7. [121 Lemma 3.9] The function (jffl) := fdf 2 ^ +a4' 33 ^ * s a nondegenerate 
Morse-Bott function. 

Proof. The gradient of /i' /3 - ) at x G X is 

grad/i^(a0=j(/?2)x + k(/? 3 )x. 

Since 

j( / S 2 )x-k(^3)x = i{P2)x-(Ps)x = dm((j3 3 ) x )-f3 2 = K3 3 ,fi 1 (x)]-p 2 = ti 1 ( X y[f3 2 ,f3 3 } = 0, 

the set of critical points is precisely the fixed point set of the subtorus Tp which is the 
closure of the subgroup generated by cxp R/?2 and cxp R/?3 . Thus every connected 
component is a submanifold of M. So it suffices to prove that its Hessian at any 
critical point is nondegenerate in directions orthogonal to the critical set. Let 
H2,H 3 and H = H2 + H 3 be the Hessians at x for /x^ 2 "*, ^3 an< ^ l 1 ^ ■ Choose 
local coordinates near x such that Tp acts linearly and the metric is given by a 
matrix p pq (y) with p m {x) = S pq . Since 

= m)y ■ k(A,)„ = grad/x^j/) • gradtff (y) 



for all y £ M, we have 



for all y, and since 



grad/x^x) = = grad/xf 3) (a;), 
differentiating twice gives 

H 2 H a + tf 3 #2 = 
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which gives us H 2 = (H 2 + H 3 ) 2 = H$ + fff. If H£ = 0, 

Q=\m\\ 2 = (H%0 = (H*U) + {H&O = \\H2CW 2 



and thus = = H 3 £. Therefore, if H£ = 0, £; is tangent to the fixed point set 
of Tp because fi 2 and fj, 3 are nondegenerate. □ 



Conclusion of Proof of Lemma \5.(k It follows from Lemma 15.71 that the restric- 
tion of H23 to V x is nondegenerate. Therefore it suffices to show that there is a 
complement W x to T X K Zp 2 jj a in 

T x Zfe,p 3 + + it x + jix + kt x 

varying smoothly with x such that H23 is nondegenerate on W x and W sx = s(W x ) 
for all s £ Stab(P2, /%)■ For then we may take U x = V X + W x . 
From (15.21). we obtain 



#23 (ja^) ■ 



[f32,a] x + jA x (a) x - i[p 3 ,a] x +k[/3 1 ,a] 



-\fh,a\x + kA x (a) x + i\fh,a]x -j[Pi,a]x 
where A x : t — ► t is the self-adjoint endomorphism defined by 

A x (a) - b — a x ■ b x 

for all a, b G t. 

Hence, via the projection 

(5.4) «©«©«©? — >t x + a x +jt x + kt xi 

the endomorphism \ fl23 lifts to the endomorphism of£©£©£®6 given by the 



matrix 



(5.5) 



M 






2Adp 3 
-2Adf3 2 



-Adfc 
-Ad0 3 
A x 
Adfii 



-Adf3 3 
Ad(3 2 
-Ad fi x 
A., 



acting as left multiplication on column vectors. 

Since (@2)x = {@3) x = and \i\ is if-equivariant, we have [/?2,/?i] = [/?3,/3i] = 0, 
and also [^2,^3] = 0. Hence Ad[3\, Ad@2 and Adfo all commute, and so do A x , 
Ad(3 2 and Ad(3 3 . 

To identify the kernel of M, consider the set of (£, (, rf) satisfying 



M' 



= 



where the matrix M! consists of the second, third and fourth rows and columns of 
the matrix M. , in other words 



-Ad(3 z 
2Ad(3 3 Ax 
-2Ad(3 2 Adfii 



(5.6) M' 
For simplicity, write A = A x , B x = Ad/3 1 ,B 2 = Adf3 2 , B 3 = Ad/3 3 . 



Adfc 
-Ad/3! 
A x 
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The adjugate matrix^ of M' is 
A 2 + (Bi 

M'adj = 



B Y B 2 + AB 3 

^2 



B\B 3 — AB2 
2{B 1 B 2 - AB 3 ) 2{B 2 ) 2 2B 2 B 3 
2(B 1 B 3 + AB 2 ) 2B 2 B 3 2(B 3 f 

By left multiplying Ai' by its adjugate matrix, we obtain 



(5.7) 



2A((B 2 ) 2 + (B 3 ) 2 ) (B 1 A-AB 1 )B 2 
2A((B 2 ) 2 + (B 3 ) 2 ) 







{B 1 A-AB 1 )B 3 


2A((B 2 ) 2 + (B 3 ) 2 ] 









c 







= 0. 



Since A, B 2 and B 3 commute and A is self-adjoint while B 2 and B 3 are skew- 
adjoint, these matrices can be simultaneously diagonalized with real and purely 
imaginary eigenvalues respectively. The Lie algebra stab(x) of the stabilizer of x in 
K is contained in stab(/3 2 , (3 3 ) = stab(j3 2 ) fl stab((3 3 ) where stab(/3i) denotes the Lie 
algebra of Stab/3^. So the kernel of A is contained in the intersection of the kernel 
of B 2 and that of B 3 . 

The equations given by the lower two rows of (|5.7j) tell us that £ and 77 are in the 
intersection of the kernels of B 2 and B 3 . Now consider the equation determined by 
the top row: 

2A{B 2 + Bf)£ + (BiA - AB^B^ + {B^A - AB\)B 3 ri = 0. 
Since £ and 77 are in the kernel of B 2 and B 3l this reduces to 

MB 2 2 + B 2 )t; = 

so we conclude that £ is also in the kernel of B 2 and B 3 . Therefore, the kernel of 
M. is contained in the subspace 

L := 6 © stab{f3 2l (3 3 ) © stab((3 2l (3 3 ) © stab(/3 2 , fa). 

In other words, if we let 

. gffi4 ^ g©4 

denote the linear transformation defined by Ai, we proved that _1 (O) C L. By a 
similar calculation, we can furthermore prove that 

C L. 

Indeed, if (a,£, (,T)) £ _1 (L), i.e. 



M 



with b,c,d G stab(f3 2 , f3 3 ), we multiply the 4x4 matrix .M^ which contains -M' ad j 
as the lower right 3x3 submatrix and whose other entries are zero. Because 
6, c, d € stab{(3 2 , f3 3 ), the right hand side M' adj (a, b, c, d)' equals (0, (A 2 +^)6, 0, 0)*. 







a 






b 


C 




c 






. d . 



^Note that for matrices of complex numbers the product of a matrix M and its adjugate is the 
identity matrix times the determinant of M. This is consistent with l|5.7| l. except that we do not 
know that B\ and A commute - if they do commute, the matrix in 1 15, 7| | is simply the determinant 
of M! times the identity matrix. 
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The left hand side is the same as the 4x4 matrix which contains the left hand 
side of (|5.7|) as the lower right submatrix and whose other entries are zero. By 
comparing the third and fourth entries, we obtain G stab{^2, /%)■ But then 
the second entry b of M{a, £, £, rff is zero by the definition of A4. This implies 
that (A 2 + B 2 )b = and so we obtain the equation (|5.7[) . which tells us that 
£ G s<a6(/?2, /%) as well. Hence, (a, £,£,77) 6 L as desired. 

It is obvious from the commutativity of A (resp. B\) with B2, B3 that (j>{L) C L. 
So we obtain the induced homomorphism 

4> : t m /L — ► e® 4 /£ 

which is injective because <fi~ 1 (L) C L. Hence is an isomorphism. 

The projection (|5.4|) maps L into T X K Zp 2 ^ 3 because Zp 2 ^ 3 is a Stab{(32, P3)- 
invariant hyperkahler submanifold. If we further compose (|5.4[) with the projection 
to the orthogonal complement W x of T x KZp 2 $ 3 , we obtain a commutative diagram 

£04 ^ g©4 

which induces a commutative diagram 

t® 4 /L- 

W x >W X . 

It is now obvious that the bottom arrow is an isomorphism. Therefore the restriction 
of H23 to W x is nondegenerate. So the proof of Lemma \5. 61 is complete by taking 
W x to be the orthogonal complement of T x KZp 2 ,p 3 . 

This completes the proof that /23 is a minimally degenerate Morse function and 
so we deduce that / 2 3 is an cquivariantly perfect Morse function if it is flow-closed. 

6. Hyperkahler quotients of quaternionic vector spaces 

In this section we consider linear actions on hyperkahler vector spaces. 

Let V = C 2ra = T*C n be a hyperkahler vector space. Suppose we have a Hamil- 
tonian hyperkahler linear action of a compact Lie group K on V . Fix a general 
hyperkahler frame {i,j,k}. Let /_t (resp. fie) be the hyperkahler (resp. complex) 
moment map for this action. From the surjectivity criterion in Scction[4j wc obtain 
the following. 

Proposition 6.1. Suppose — \\nc\\ 2 on V is flow-closed. If is a regular value of 
\x, the restriction map 

H* K (V) = H* K — > H* K (»-H0)) - H*{^-\Q)/K) 

is surjective. 

This proposition is relevant to Hilbcrt schemes of points in C 2 , ADHM spaces, 
hypcrtoric manifolds and quiver varieties, etc. 

Proof. Sjamaar has proved that — ||/^i|| 2 is flow-closed on V and hence on W = 
^c^O) (PS (4-6)]), so the hypotheses of Theorem 14.81 are satisfied. □ 
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We believe that it is likely that the assumption on flow-closedness of — ||^c|| 2 in 
Proposition 16 . 1 1 is always satisfied. 



Conjecture 6.2. For a linear hyperkdhler action on a hyperkahler vector space of 
a compact Lie group K, — ||/ic|| 2 is flow- closed. 

Although it is purely a calculus problem, we do not know how to prove this 
conjecture, though we have managed to prove the circle case. 

Remark 6.3. Certain other cases follow from the circle case. For example if the 
conjecture is true for the action of K\ on V\ and for the action of K2 on V% then it 
is true for the action of K\ x K2 on V\ © V2, so the conjecture follows for suitable 
torus actions. 



Proposition 6.4. Conjecture 1 6. 2\ is true for the circle group U(l). 

Let 1,1/6 C". We denote by x, y the complex conjugates of x, y. By a suitable 
change of variables and ignoring the variables for which the weights are zero, we 
may assume 

n 

Mc(z, y) = x ■ y - c = ^2 x iVi ~ c 

i=l 

for some c G C. Let 

f(x,y) = \ K (x,y)\ 2 >0 
and let 7(i) be the integral curve of the vector field — grad/ from a given (xq, yo) ^ 

Lemma 6.5. {7(t)} is contained in a compact subset of C 2n . 
Proof. Let 

n 

p(x,y) = \x\ 2 + \y\ 2 = Y / (\x l \ 2 + \y t \ 2 )>0. 

i=l 

By direct computation, we know 

grad/ = 2/ic ( _ ) and gradp = 2 ' 



ay \y 

If j(t) G /^^(O) for some t then 7 is constant and there is nothing to prove. 

So we assume j(t) ^c^ ) for a11 1 ^ °- 0n c2 " ~ Mc^O), V 7 / = Imc| > is 
diffcrentiable and 

gradv// = ^=grad/. 

If we denote by (, ) the ordinary inner product of R 4rl = C 2 ™, we have 

(grad V7, grad/) = ^=|grad/| 2 = ^(M 2 + \y\ 2 ) = 2py/f, 

(gradp, grad/) = 8Re fic(x ■ y) = 8Re^ c (MC + c) 
= 8Re(/ + c/i C )>8/-8|c| v /7. 

Therefore, 

(grad(p + y/f), grad/) > 8/ + 2^]{p - 4|c|) 
and hence (p + \Tf){^{t)) is decreasing whenever p = \x\ 2 + \y\ 2 > 4|c|. 
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Now we claim, for alH > 0, 

(p + V7)(7(*)) < max{4|c| + y/f~ , Po + s/To} 
where po = p(x ,y ) and /o = f(xo,Vo)- The proposition follows from this claim 
because p = \x\ 2 + \y\ 2 is bounded along the curve *y(t) since p + yff is bounded 
and v7 > 0. 

It remains to show the claim above. Since / is decreasing along j(t) by the 
definition of 7 (t), yff is also decreasing for all t > 0. If p(j(t)) < 4|c| for some 
t>0, P + V7<4|c| + V7^at 7 (i). 

If p{^{t)) > 4|c| for some t > 0, then there are two possibilities. 

(1) 7 on [0, t] stays outside of the sphere p = 4|c|: in this case, since p + yfj is 
decreasing on [0, t] , p + yf] < p + y/fo~. 

(2) 7 on [0,t] moves into and out of the sphere p = 4|c|: then let r be the 
greatest element of [0, t] satisfying p(j(t)) < 4|c|. Then r < t and because 
p(7) > 4|c| on the interval (r, t], it follows that p + yf] at 7 (f) is less than 
p+yff at 7(t), which is less than or equal to 4| c| + y/Jo since p(7(r)) < 4|c| 
and v7 is decreasing. Hence p + yff < 4|c| + V/o- 

So we are done. □ 

Examples 6.6. Consider the action of C 2 " = C" © C" with weights 1 and -1 
as usual. For x, y G C™, pc( x > y) = X) ^ifi — c ^ or c 7^ 0. There is only one non- 
minimal critical point which is the origin. By direct computation, the Hessian at 
the origin has 2n positive and 2n negative eigenvalues. Hence we deduce that the 
Poincarc polynomial of the hypcrkahler quotient is 

Y~p - j— 72 = Pti^ 1 ) = Pt{T*¥ n - 1 ). 
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